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ABSTRACT 
In this paper two simple proofs for the following theorem, due to Schaefer, Wolff and Arendt 
are given: if T is a lattice homomorphism on a Banach lattice E with spectrum a(T) = {l}, then 
T= I, the identity operator on E. The methods can be applied to prove the same result for a disjoint- 
ness preserving operator, which is due to Arendt. 
1. INTRODUCTION 
It is shown by Schaefer, Wolff and Arendt in [lo] that a lattice homomor- 
phism Ton a Banach lattice E with o(T) = {l} is necessarily equal to the identity 
operator I on E. Their proof is however far from elementary and uses represen- 
tation theory heavily. C.B. Huijsmans succeeded in giving an elementary proof 
for this result without using the representation theory. For the details, see [6] 
and [5]. It is the purpose of the present paper to give another two different 
proofs for the above mentioned result. The first proof is to use a well known 
theorem in the theory of entire functions of exponential type and the second 
proof is to explore the relations between lattice homomorphisms and their pro- 
jections into the center of the Banach lattice. The idea used in the first proof 
has been used by Esterle in [4] to deduce a very important property of power 
bounded operators on Banach spaces. 
2. SOME PREREQUISITES 
Let E be a Banach lattice. By considering the double adjoint operator of T 
we may assume that E is order complete (or called Dedekind complete). So 
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from now on we assume that E is order complete. Let L(E) denote the Banach 
algebra of all norm bounded linear operators on E and L,(E) the subalgebra 
of L(E) consisting of all order bounded (= regular) linear operators on E. It 
is known that L,(E) is an order complete Banach lattice under the regular 
norm II%= II ITI II- Th e center Z(E) of a Banach lattice E is a subalgebra of 
L(E) consisting of all operators satisfying I TI IC. Z for some nonnegative 
number c. As is well known, the center Z(E) is a semisimple commutative 
Banach algebra such that the norm of each operator in Z(E) is equal to its spec- 
tral radius. For proofs of these facts, see [7] and [12]. It is easy to see that Z(E) 
is a band of L,(E). Let CD denote the band projection associated with Z(E). It 
is shown by Voigt [ 1 l] that @ is a contraction with respect to the operator norm. 
So @ can be extended to L,(E), the operator norm closure of L,(E) in L(E). 
We still use @ to denote its extension. 
For the basic theory of vector lattices (Riesz spaces), Banach lattices and 
positive operators und for unexplained terminologies and results we refer to [8], 
[9] and [12]. 
We need two simple lemmas. 
LEMMA 2.1. Let PE Z(E) be a positive operator such that P = P3. Then Z+ P 
is invertible in L(E). 
PROOF. Since P= P3 it follows from the spectral mapping theorem that a(P) C 
{ -1, 0, l}. So a(Z+ P) c { 0,1,2}. To show that Z+ P is invertible it is enough to 
show that 0 is not in the spectrum of Z+ P. If 0 E o(Z+ P) then 0 is an approx- 
imate eigenvalue of Z+ P (for definition, see [2]). So there exists {x,,} in E with 
Ilx,II = 1 such that II(Z+ P)x,ll + 0. Now since Z+ P is a lattice homomorphism 
(see, for example [7], pp. 123) we have 
1 = llxnll 5 II(~+PM II = II IW+P)xnl II = II(~+p)xnl/ 40, 
which is a contradiction. 
LEMMA 2.2. Let T be a positive operator on E. Let T= P+ B with PE Z(E) 
and BEZ(E~. Then l/PI1 <r(T). 
PROOF. By assumption we have 01 P”5 T”. So r(P)rr(T). By the above 
observation lPl\ =r(P). Now the lemma follows. 
3. THE MAIN RESULT 
THEOREM (Schaefer, Wolff and Arendt). Let T be a lattice homomorphism 
on a Banach lattice E such that a(T) = {l}. Then T=Z. 
THE FIRST PROOF. Let F(z) = Tz = exp(z log T) for all z E C, the set of all com- 
plex numbers. It is easy to see that F(z) is an entire function of zero exponential 
type (for definitions, see [3]) since log T is a quasi-nilpotent operator. Observe 
that F(z) E L,(E) for all z E C. So we can define f(z) = @(F(z)) for all z E C. 
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Since @ is a contractionf(z) is also an entire function of zero exponential type. 
Now it follows from Lemma 2.2 that 
IIf(n)II = II@vwNII = IIW-“)lI 5 1 
for all n ~77 since r(P) = 1 for all n pi?. By a well-known theorem in the 
theory of entire functions of exponential type (see [3], pp. 183) we see that f(z) 
is a constant function. Notice that f(0) = I. Therefore, @(T”) = I. So Tz Z and 
T-' 2 I, from which we conclude that T= I. 
THE SECOND PROOF. Let T=P,+B, and T-'=P,+B,, where PiEZ(E) and 
B;EZ(E)~ (i= 1,2). Then 
Z=TT-'=P,P,+P,B,+B,P,+B,B,=T-'T=P,P,+P,B,+B,P,+B,B,. 
Since PB,BPEZ(E)~ for any PEZ(E) and any BEZ(E)~ we have P,B,= 
B,P2=P2B1=BzP,=0. Hence 
Z= P,P,+B,B,=P,P,+B,B,. 
Multiplying the second identity from the right by P, we get Pl = P, PIP,; similar- 
ly we get P2=P2P,P2. Now notice that 01 P,, P,sZ because r(T)=r(T-')= 1 
(see Lemma 2.2). Hence Pl<P2 and P2s P,, from which we conclude that 
P, = P2. Let P = P, = P2. Then from the above we obtain P = P3. So 
P(Z-P)(Z+P) = 0. 
Since Z+ P is invertible by Lemma 2.1 we see that P(Z- P) = 0. So P= P2. 
For any positive integer n, the operator T" is also a lattice homomorphism 
with spectrum a(T") = (1). So by the above argument T" = Q+D with QE 
Z(E), DE Z(E)d and Q = Q2, QZI =DQ = 0. T"Q = Q2 = Q implies that 
(Z+ T+...+T"-')(T-Z)Q = 0, 
from which we get (T - I) Q = 0 and Q = TQ I T. Remember T = PI + B, = P + B, . 
So QsP. On the other hand T"=(P+B,)"=P"+B:=P+B,". Hence QrP. 
Therefore, Q = P and B," =D E Z(E)d for all positive integers n. Now 
(T-Z)" =((P-Z)+B,)" =(P-Z)"+D, 
for some D, E Z(E)d. By Voigt’s result we have 
IP-O”II 5 I/V-O”Il. 
So r(P- I) = 0 and consequently P= I. Therefore, TzZ. Similarly, T-' II. So 
T=Z. 
Finally we remark that the above methods can be applied to disjointness 
preserving operators, because it is shown in [l] that if T is a disjointness pre- 
serving operator with a(T) = {l} then the following hold: (1) IT” I = / TI ' for 
any integer n; (2) r(T") =r(l T"I) for all integers n; from which we see that 
@(T") has norm less or equal to 1 for all n and in the second proof we can 
replace T by 1 T I. 
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